We construct a family of bilinear differential operators which satisfy certain gauge properties. These operators can be naturally associated with q-deformations of classical integrable hierarchies. In particular, we consider the case when gauge function = Hurwtiz-type partition function.
Introduction
Our aim is to represent bilinear Hirota-type differential operators of the form
which satisfy gauge condition for some fixed g:
where f 1 (x), f 2 (x ) are smooth complex-valued functions, s ∈ Z and g has perturbative expansion in powers of = log(q):
Let S 0 (x) = e x , so when = 0, D n coincides with the ordinary Hirota derivative [1] (it is uniquely defined using gauge condition). We claim that such operators can be used as building blocks for some interesting equations (relations with q-Schur functions are mostly conjectured, see [2, 5] for more reference).
Of course, it can be generalized to multi-linear multi-dimensional case (although there may me some obstacles, and we'll show this later). "Good" choice of gauge function g (a proper sum of q-exponentials) can lead to non-trivial properties. One of our goals is to understand the structure of bilinear operators of the type
where P is a quasi-homogeneous polynomial (monomials are labeled by partitions of m) with q-deformed coefficients. We add (g) as lower index to emphasise dependence on a gauge.
q-exponential case
Before producing the general construction, consider the following example. Choose g(x, q) as the qexponential:
where (a, q) k is a q-shifted factorial
Recall definitoin of q-derivative:
Consider the following q-difference operator:
It can be checked that (8) does not satisfy gauge condition (opposite to its differential limit). Now substitute q = e in (5) and expand in powers of :
(9) We also rewrite (1) as -series:
where σ i are (to be found) bilinear differential operators with polynomial coefficients. Consider that the following gauge property holds:
It follows that σ i should satisfy the functional equation:
We choose initial condition:
Now our coefficients can be written as
so we can compare D n with ∆ q expansion! The first few coefficients are 3 Gauge operators D (g)
Again, we are dealing with gauge functions analytic in :
We are going to construct D n (g) in a perturbative way, using the expansion
(D n = Hirota derivative), s.t. the gauge property (2) is satisfied. For simplicity we take s = 0. Note
Choose the first 2 coefficients as
Then, every D n (g) is a finite bilinear differential operator, acting on a pair of functions f 1 , f 2 . Now we are ready to represent the main results, achieved with symbolic computations.
Thm.1 Let m be even, then we have a symmetric formula:
where I s (x, ) = I s (g) are rational in g, g , . . . , g (m) (note here we equal all arbitrary constants to zero just for simplicity, thus killing all higher order D's in the formula).
where
It is easy to see that generating function for {I 1,i } is a natural logarithm:
2 − S 2;x −1/3 S 1;x 3 + S 2;x S 1;x − S 3;x 1/4 S 1;x 4 + S 3;x S 1;x − S 2;x S 1;x 2 − S 4;x + 1/2 S 2;x 2 −1/5 S 1;x 5 − S 2;x 2 S 1;x + S 4;x S 1;x − S 3;x S 1;x 2 + S 2;x S 1;x 3 + S 3;x S 2;x − S 5;x . . .
Summarizing these facts, we can write the first few I's in closed form: Note that
Solution for m ≤ 8 in explicit form:
where R 4 (g) = h 2 (−24 S 1;x,x (S 1;x S 1;x,x − S 2;x,x )) + h 3 (12 S 2;x,x 2 + 36 S 1;x,x 2 S 1;x 2 − 24 S 1;x,x 2 S 2;x + 24 S 1;x,x S 3;x,x − 48 S 1;x,x S 2;x,x S 1;x ) + O( 4 ), and R 6 (g) = c 1 (
Remarkable fact is that R 4 (g) satisfy the following equation:
We conjecture that similar equalities should hold for any R j (g).
Now we are ready to represent the general formula.
Thm.2 Gauge operators D (g) are expressed as follows:
Note here that for odd powers D 2k+1 (g)
f 2 , f 1 , which is not true for ordinary D's.
